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Robustness of helical edge states in 2D topological insulators (TI) against strong interactions
remains an intriguing issue. Here, by performing the first sign-free quantum Monte Carlo (QMC)
simulation of the Kane-Mele-Hubbard-Rashba model which describes an interacting 2D TI with two-
particle backscattering on edges, we verify that the gapless helical edge states are robust against a
finite range of two-particle backscattering when the Coulomb repulsion is not strong. However, when
the Coulomb repulsion is strong enough, the helical edge states can be gapped by infinitesimal two-
particle backscattering, resulting in edge magnetic order. We further reveal universal properties of
the magnetic edge quantum critical point (EQCP). At magnetic domain walls on edges, we find that
a fractionalized charge of e/2 emerges. Implications of our results to recent transport experiments
in the InAs/GaSb quantum well, which is a 2D TI with strong interactions, will also be discussed.
Topology has played an increasingly important role
in condensed matter physics in the past few decades
[1, 2], especially after discoveries of quantum Hall effect
[3, 4], high-temperature superconductors [5–7], and re-
cently topological insulators [8, 9]. Especially, tremen-
dous progress has been made in both theoretical and ex-
perimental understandings of topological insulators (TI)
with negligible or weak interactions [10–22]. For instance,
2D TIs are topological state of matter supporting the
gapless helical edge states which are protected by time
reversal (TR) symmetry when interactions are relatively
weak. As strong interactions may destabilize the gapless
excitations on boundaries [23–35] of symmetry-protected
topological phases [8, 9, 36–40], understanding the in-
terplay between topology and interactions, especially in
experimentally accessible topological materials, remains
an intriguing problem.
2D TIs were first discovered in HgTe quantum wells
(QWs) [13, 20] and later in InAs/GaSb QWs [41–43].
Although the correlation effect in the helical edge states
of the HgTe QWs is relatively weak (a Luttinger liquid
[44–49] with edge Luttinger parameter K ≈ 0.81 [50, 51],
close to the noninteracting limit of K = 1), recent trans-
port experiments [52, 53] reported evidences of strong
interactions in the helical edge states of the InAs/GaSb
QWs (with edge Luttinger parameter K ≈ 0.22 [53]).
Consequently, it is desired to thoroughly investigate the
robustness of gapless helical edges states of 2D TIs with
strong interactions due to its importance in both funda-
mental physics and future applications.
It was predicted that helical edge states are pertur-
batively stable against weak two-particle backscattering
if the edge Luttinger parameter (which is mainly de-
termined by local Coulomb interaction) K>12 [48, 49].
When the local Coulomb interaction is strong enough
such that K< 12 , the two-particle backscattering interac-
tion becomes relevant and an infinitesimal two-particle
backscattering can lead to edge magnetic order, which
breaks time-reversal (TR) symmetry spontaneously and
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FIG. 1. (a) Two-particle backscattering in helical edge states
of an interacting 2D TI is allowed when the Rashba in-
teraction is present. (b) The quantum phase diagram of
the Kane-Mele-Hubbard-Rashba model allowing edge two-
particle backscattering. U represents Hubbard repulsion
and V labels Rashba interaction which induces two-particle
backscattering on edges. The dots are data points obtained
by our sign-free QMC simulations. The edge and bulks QCP
are clearly separated; in the intermediate region only edges
break the TR symmetry while the bulk is TR invariant.
opens up a gap in helical edge states [48, 49]. However,
such perturbative analysis of weak two-particle backscat-
tering may not be directly applied for the case of strong
interactions. Consequently, non-perturbative methods
are desired to explore the effect of strong interactions
in topological insulators such as the InAs/GaSb QWs.
To fill in this gap, by performing quantum Monte Carlo
(QMC), we study the stability of helical edge states of 2D
interacting TIs in the presence of both strong Coulomb
(Hubbard) repulsion and Rashba interactions that cause
two-particle backscattering on edges. Here, it is the
Rashba interactions that break the U(1) spin-rotational
symmetry and render a finite two-particle backscatter-
ing in helical edge states. Usual QMC simulations of
fermionic quantum models often encounter the notori-
ous fermion-sign-problem [54–56], which prevents the ap-
plication of conventional QMC [57–60] from accurately
studying systems with large size and at low tempera-
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2ture. However, using the novel Majorana algorithm in-
troduced by us [61], sign-free Majorana QMC simulations
[61–63] can be performed on the 2D interacting TI model
on the honeycomb lattice with both Hubbard repulsion
and Rashba interaction [see Eq. (1) below], which we call
the Kane-Mele-Hubbard-Rashba (KMHR) model. Note
that previous sign-free QMC can only study 2D inter-
acting TIs without edge two-particle backscattering [64–
66] which cannot accurately address the issue of quan-
tum critical behaviors of the edge magnetic ordering and
that the effect of single-particle Rashba hopping term was
studied by QMC in the presence of the sign problem [67]
or by other methods which involve approximations [68].
From our sign-free QMC simulations of the KMHR
model, we have verified that the helical edge states of an
interacting 2D TI are robust against a finite range of two-
particle backscattering when the Hubbard interaction is
relatively weak. We show that the edge states sponta-
neously break time-reversal symmetry when the Rashba
interaction exceeds a critical value and obtain the critical
exponents of the edge quantum critical point (EQCP) in
1+1 dimensions. Moreover, we find that a fractionalized
charge of e/2 emerges at the magnetic domain wall on
the edges when magnetic ordering occurs in the edges of
the interacting TI. To the best of our knowledge, this is
the first time that the effect of two-particle backscatter-
ing can be simulated numerically-exactly in 2D interact-
ing TI by the unbiased and nonperturbative approach of
sign-free QMC.
The 2D interacting TI model: We first introduce
a minimal model on the honeycomb lattice describing a
2D interacting topological insulator allowing two-particle
backscattering on edges:
H = −t
∑
〈ij〉σ
c†iσcjσ +
∑
〈〈ij〉〉
(iλνijσ
z
αβc
†
iαcjβ +H.c.)
+ U
∑
i
ni↑ni↓ + V
∑
〈ij〉
(
c†i↑c
†
j↑ci↓cj↓ +H.c.
)
, (1)
where c†iσ creates an electron on site i with spin po-
larization σ =↑, ↓, niσ = c†iσciσ is the particle num-
ber operator. The first term in Eq. (1) represents the
usual nearest-neighbor hopping while the second one with
νij=±1 is the Kane-Mele spin-orbital coupling (SOC)
[10]. The Kane-Mele SOC reduces the spin rotational
symmetry from SU(2) to U(1). The Hubbard U term
mimics the effects of Coulomb repulsion. The Hamilto-
nian in Eq. (1) without the last term is called Kane-Mele-
Hubbard (KMH) model, for which a sufficiently strong U
would favor AF ordering with magnetic moments in the
xy plane[64–66, 69–71]. For the V term in Eq. (1), we call
it “Rashba interaction” because this two-particle spin-flip
term can be induced by the Rashba SOC. This is why the
Hamiltonian in Eq. (1) is denoted as the “Kane-Mele-
Hubbard-Rashba” model. The Rashba interaction only
respects a residual Z2 spin symmetry; namely (−1)N↑ is
conserved where N↑ is the number of spin-up electrons.
In other words, a finite Rashba interaction V further re-
duces the spin symmetry from U(1) to Z2, which intro-
duces two-particle spin-flip backscattering in the helical
edge states. Note that the single-particle backscattering
in helical edge states is forbidden even in the presence of
finite Rashba interaction due to the TR symmetry.
Among all the two-particle scattering processes re-
specting the TR symmetry, only the two-particle spin-
flip backscattering has the potential to open up a gap
in the helical edge states. Consequently, this Rashba in-
teraction is the leading term which can destabilize the
gapless helical edge states of the 2D TI. It was thought
for many years that this model with both Hubbard re-
pulsion and spin-flip interaction cannot be simulated by
sign-problem-free QMC [64–66]. However, employing the
Majorana algorithm recently introduced in Ref. [61], we
show that the KMHR model in Eq. (1) can be simulated
by QMC without encountering the notorious fermion sign
problem such that accurate large-scale QMC simulations
of the model can be performed to investigate the edge
stability of the 2D interacting TI.
Here we briefly discuss how Majorana representation
can help solve the sign problem of the KMHR model.
First, we introduce the Majorana representation of spin-
1/2 electrons: ciσ =
1
2 (γ
1
iσ + iγ
2
iσ), c
†
iσ =
1
2 (γ
1
iσ − iγ2iσ),
where γτiσ are Majorana fermions operators with τ = 1, 2
representing Majorana index and σ =↑, ↓ spin index.
In the Majorana representation, we perform Hubbard-
Stratonovich transformations such that the decoupled
Hamiltonian at imaginary time τ respects two anti-
commuting anti-unitary symmetries: T− = iσyτxK and
T+ = σxτxK (see the SM for details). According to
the Majorana TR principle [62, 63], the QMC simulation
using the Majorana algorithm is sign-free!
The quantum phase diagram: We perform large-
scale sign-free projector QMC [75–77] to study the
ground state properties of the 2D interacting topological
insulator with two-particle spin-flip scattering. In our
simulations, we set λ = 0.1t unless noted otherwise. To
investigate the stability of helical edge states with respect
to two-particle spin-flip scattering, we consider the sys-
tem with periodic boundary condition (PBC) along the
x-direction but open boundary condition (OBC) along
the y-direction, as shown in Fig. 1(a). Since the bulk is
fully gapped, we focus on the helical edge states, which
can be effectively described by the LL theory [44, 45, 47]
with the following Hamiltonian in the continuum:
H =
∫
dx
[
vF (ψ
†
R↑i∂xψR↑ − ψ†L↓i∂xψL↓)
+ g2ψ
†
R↑ψR↑ψ
†
L↓ψL↓ + g(ψ
†
R↑ψ
†
R↑ψL↓ψL↓ +H.c.)
]
,(2)
where ψR↑ and ψL↓ are annihilation operators of spin-
↑ right-moving and spin-↓ left-moving electrons on the
edge, respectively. In Eq. (2), the last term represents
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FIG. 2. (a) The QMC results of the Luttinger parameter K
as the function of U while the spin-flip interaction V=0. (b)
For U=1.0, the QMC results of edge RG-invariant ratio Redgec
as the function of V , from which we obtain the edge critical
values of Rashba interaction V edgec ≈0.515. (c) The magnetic
order parameter 〈Sxi 〉 at edge and bulk for U = 1.0t ( K> 12
in the limit of V = 0) as a function of V . (d) The magnetic
order parameter 〈Sxi 〉 at edge and bulk for U = 2.25t ( K< 12
in the limit of V = 0) as a function of V .
g(ψ†R↑(x)ψ
†
R↑(x+ δ)ψL↓(x)ψL↓(x+ δ) +H.c.), where δ is
the short-distance cutoff. Here vF is the Fermi velocity of
non-interacting electrons on edges and is approximately
proportional to the Kane-Mele SOC λ. g2 is the two-
particle forward-scattering and is proportional to U ; g
is the two-particle backscattering induced by the Rashba
interaction V . Note that single-particle backscattering is
forbidden by the TR symmetry even in the presence of
Rashba SOC and that in Eq. (2) we neglect the inter-
actions g4[ψ
†
R↑(x)ψR↑(x)ψ
†
R↑(x + δ)ψR↑(x + δ) + R→L]
which only renormanizes the Fermi velocity.
The fermionic edge theory in Eq. (2) can be bosonized
with the following sine-Gordon Lagrangian density:
L = 1
2piK
[
1
v
(∂τφ)
2 + v(∂xφ)
2
]
− g
(2piδ)2
cos(4φ), (3)
where φ is the boson field obtained from bosonizing
the fermions on the edge [48, 49], v = vF
√
1− ( g2vF )2
is the renormalized velocity of bosons, K =
√
1−g2/vF
1+g2/vF
is the Luttinger parameter which decreases as U in-
creases, and g characterizes the two-particle backscatter-
ing whose scaling dimension is ∆g = 4K. Consequently,
two-particle spin-flip backscattering is irrelevant when
the Luttinger parameter K>12 but relevant when K<
1
2
[45, 48, 49]. We expect that the helical edge states are
stable against infinitesimal two-particle backscattering
when the Hubbard interaction U is not sufficiently strong
because of the irrelevance of weak two-particle backscat-
tering for K>12 . When the two-particle backscatter-
ing is relevant for K < 12 , the mass gap opens even
for weak Rashba interaction V and the gap is given by
∆ ≈ 1δ g
1
2−4K for small g. This conclusion comes from
the perturbative analysis of g. But, for K > 12 , strong
enough g should also drive a mass gap. This can be ob-
tained from the QMC calculations below.
We first compute the values of Luttinger parameter of
the helical edge states for different Hubbard interaction
U while setting the Rashba interaction V = 0. The edge
Luttinger parameter K can be extracted by measuring
the correlation function of magnetic order parameter:
C(r) =
1
Lx
Lx∑
xi=1
〈
Sxi,AS
x
i+r,A
〉
, (4)
where Sxi,A =
1
2 (c
†
i↑ci↓ + c
†
i↓ci↑) are the spin operators in
the A-sublattice of the unit cell i = (xi, yi) on the edge
yi = Ly (Lx and Ly are the number of unit cells along
the x and y directions, respectively). Note that due to
the U(1) spin-rotational symmetry at V = 0, using Sx,
Sy, or ~S · nˆ with any nˆ in Eq. (4) would give rise to
the same value of K. In other words, we compute the
correlation functions between edge sites of the A sublat-
tice, which are the tips on the top zigzag edge of the
honeycomb lattice, as shown in Fig. 1(a). In our QMC
simulations, we choose Lx = 2Ly = L. According to the
LL theory, the magnetic correlation function in Eq. (4)
scales as C(r) ∼ r−2K for large r . In order to reduce
the finite-size effect, we extract the Luttinger parameter
from fitting C(rmax=
L
2 ) ∼ L−2K , which is the correla-
tion function at the largest possible separation between
two sites along the edge of the lattice. The obtained
values of K as a function of U is shown in Fig. 2(a).
It is clear that K decreases as U is increased, as ex-
pected. At U = U edgec ≈ 1.85t, the Luttinger parameter
K = Kc =
1
2 . The bulk AF magnetic ordering can occur
for U > Ubulkc where U
bulk
c ≈ 5.15t.
From bosonization analysis, the helical edge states
should be stable against a finite range of two-particle
backscattering for U<U edgec . Thus, for U<U
edge
c , we
expect that a sufficiently large Rashba interaction can
destabilize the helical edge states by inducing magnetic
order. To illustrate this, we set U = 1.0t (the corre-
sponding K ∼ 0.81 in the limit of V = 0) and vary
the Rashba interaction V to study the edge instabil-
ity against the two-particle backscattering. The Rashba
interaction with V > 0 would favor magnetic order-
ing in the x direction more than the y direction. We
use the RG-invariant quantity Redgec in terms of second-
moment correlation length [78] of edge correlation func-
tion C(r) to identify the EQCP (Redgec is defined in the
SM). At the putative EQCP, Redgec should cross at the
same point for different system sizes. From the results
of RG-invariant quantity Redgec , as shown in Fig. 2(b),
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FIG. 3. The QMC results of the edge QCP at V = 0.3. (a)
The log-log plot of spin-spin correlation function at largest
distance C(L
2
) as the function of linear systems size L: η =
0.94± 0.02. (b) Data collapse of magnetic structure factor at
different values of U and different systems size L: ν=∞.
we obtain the edge critical value V edgec ≈ 0.515t. For
V >V edgec , the edge ferromagnetic (FM) ordering spon-
taneously occurs (the magnetic moments on sites in the
A sublattice point to the same direction [79]). When V
is further increased such that V > V bulkc ≈ 0.73t, the
bulk AF ordering occurs. The magnetic order parame-
ter M=〈Sxi 〉 for U = 1.0t as a function of V is shown in
Fig. 2(c).
For U edgec <U<U
bulk
c or equivalently K<
1
2 , an in-
finitesimal two-particle backscattering on the edges can
gap out helical edge states by inducing magnetic order
[48, 49, 64]. For instance, we set U = 2.25t and vary the
Rashba interaction V to study the edge instability. As
shown in Fig. 2(d), the edge magnetic ordering already
occurs for a very weak V , indicating that the two-particle
backscattering is relevant and that edge magnetic order
is induced as long as V > V edgec =0. When V is further
increased such that V > V bulkc ≈ 0.45t, the bulk AF
will be induced and the whole system breaks TR symme-
try. The global quantum phase diagram is summarized
in Fig. 1(b). There is a line of edge QCP and a separated
line of bulk QCP. In the intermediate range, the TR sym-
metry breaking occurs only on the edge while the bulk is
still TR invariant.
Edge quantum criticality: It would be interesting
to analyze the edge quantum critical behaviors [80] in
topological phases to study exotic phenomena such as the
emergence of supersymmetry [81–84]. The EQCP can be
driven by either U or V . Here, we consider a weak but
finite spin-flip interaction V = 0.3t and vary U in the
QMC simulations to study the EQCP. Similarly, we use
RG-invariant quantity Redgec to identify the EQCP. The
results of our sign-free MQMC simulation on Redgec (see
the SM for details) clearly show that the edge quantum
phase transition occurs at U edgec ≈ 1.72t. Moreover, we
computed the evolution of the single-particle gap as the
function of U (see the SM for details). When the TR
symmetry is spontaneously broken at U > U edgec , the he-
lical edge state becomes gapped. Close to the U edgec , the
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FIG. 4. QMC results of distribution of electron density at
boundary. Small Zeeman field Mz=0.05 is used to generate
magnetic domain. The positions of magnetic domain walls
are x=15 and x=45. Fractional charge with ±e/2 are found
at two mangetic domain walls.
gap (equivalently the inverse correlation length) scales as
ξ−1∼∆∼exp[− A√
U−Uedgec
], where A is some constant.
We then investigate the quantum critical behaviours of
this EQCP. When U > U edgec , the edge develops a finite
magnetic order breaking the TR symmetry. The transi-
tion should belong to the universality class of Kosterlitz-
Thouless transitions in 1+1 dimensions [1]. By fit-
ting the correlation function of magnetic order at the
EQCP: C(L2 ) ∼ L−η, we obtain the anomalous di-
mension of order parameter bosons: η = 0.94 ± 0.03,
as shown in Fig. 3(a). According to the bosonization
analysis, the correlation length critical exponent ν of
this EQCP should be infinite. In order to verify it,
we perform data collapse of the edge magnetic struc-
ture factor M2 =
1
L
∑
r C(r) by the scaling function
M2L
η = F (L1/ν(U − U edgec )), F is an unknown func-
tion. When 1/ν = 0 and η = 0.94, various points
(M2L
η, L1/ν(U−U edgec )) of different U around U edgec and
different L can collapse to a single curve, as shown in
Fig. 3(b). Consequently, we verified that the EQCP be-
longs to the Kosterlitz-Thouless universality in 1+1 di-
mensions with η = 0.94± 0.03 and ν =∞.
Fractionalized charge: The edge magnetic order-
ing can render some exotic physics because the helical
edge states of 2D TI has only half degrees of freedom of
a one-dimensional system of spin-1/2 electrons respect-
ing the TR symmetry. For instance, it was predicted
theoretically that a fractionalized charge of e/2 can be
induced at the magnetic domain wall in the helical edge
states of a 2D TI system [85], which is a realization of
the Jackiw-Rebbi mass soliton of the 1+1 Dirac theory
[86]. To verify the domain-wall fractionalized charge, an
infinitesimal external magnetic field polarized in opposite
directions in magnetic ordered phase to create a magnetic
domain wall, as shown in Fig. 4(a).
We set V = 0.3t and U = 4.0t > U edgec such that the
edge is magnetically ordered while the bulk still respects
the TR symmetry. The lattice sizes we choose are Lx =
60 and Ly = 6. Two magnetic edge domain walls are
generated at x=15 and x=45, as shown in Fig. 4(a), by
5imposing a weak external magnetic field Bz = ±0.05.
We compute distribution of electron density ρ(x) on the
edge while the average electron density per site is ρ¯ = 1.
The excess charge localized at the magnetic domain wall
is given by ndw =
∑
x ρ(x)− ρ¯, where x is summed only
around the domain wall. Our QMC results show that
ndw ≈ e/2, as shown in Fig. 4(b). This provides robust
numerical evidences of the emergent fractionalized charge
at magnetic domain wall in the interacting helical edge
states with spontaneous TR symmetry breaking. Such
magnetic domain walls carrying fractionalized e/2 charge
can be potentially measured in future experiments.
Discussions and conclusions: We now discuss the
implication of our results to recent experiments done in
the 2D TI InAs/GaSb QW [52, 53]. Transport experi-
ments in Ref. [53] reported the temperature dependence
of its edge conductance: Gxx ∼ T 0.32 for sufficiently low
temperature, which indicates that its edge Luttinger pa-
rameter is K ≈ 0.22 assuming that the conductance is
dominated by instantons at an impurity with fraction-
alized charges e/2 [50]. For K < 1/2, the helical edge
states can also be gapped by spontaneously breaking the
TR symmetry on edges when the two-particle backscat-
tering is allowed (namely when the Fermi level is tuned
to near the Dirac point of the helical edge states). At
finite temperature, charge transport could have contri-
butions from magnetic domain wall with fractionalized
charge of e/2, as shown above. It would be interesting
to study transport properties of helical Luttinger liquids
[87–92] with two-particle backscattering in the region of
K < 12 by sign-free QMC simulations, which will be de-
ferred to future works. As the helical edge states coupled
with superconductors and with magnetism can support
Majorana zero modes [8, 9], it would also be interesting
to study the effect of strong interactions on Majorana
zero modes [93, 94].
In conclusion, we have proposed the KMHR model to
describe 2D interacting TIs allowing two-particle spin-
flipping backscattering. It is the first two dimensional
model with two-particle backscattering which can be sim-
ulated by sign-free QMC using the Majorana represen-
tation. Our large-scale QMC simulations of this model
have shown that the helical edge states are robust under
weak Rashba spin-flipping interaction when the Hubbard
(or Coulomb) repulsion is not too strong. When Hub-
bard repulsion is strong enough, the gapless helical edge
states are unstable again even infinitesimal two-particle
backscattering by spontaneously breaking the TR sym-
metry and forming magnetic order at edges. The criti-
cal behaviors of this EQCP has also been obtained. Our
work may provide a promising new direction to study the
boundary stability and quantum criticality in topological
phases of matter by non-perturbative approaches.
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7SUPPLEMENTARY MATERIALS
I. Proof of Sign-problem-free of interacting topological insulator model in Majorana representation
To prove the absence of sign-problem in QMC simulations of the KMHR model in Eq. (1) of the main text, we
introduce the Majorana representation of spin-1/2 electrons: ciσ =
1
2 (γ
1
iσ + iγ
2
iσ), c
†
iσ =
1
2 (γ
1
iσ − iγ2iσ), where γτiσ are
Majorana fermions operators with τ = 1, 2 representing Majorana index and σ =↑, ↓ representing spin index. First,
we perform the particle-hole transformation on σ =↓ electrons: ci↓ → (−1)ic†i↓. Under this transformation, the NN
hopping term and NNN Kane-Mele SOC term are invariant. The Hubbard interaction term changes sign and Rashba
interaction becomes V (c†i↑c
†
i↓c
†
j↓c
†
j↑ + h.c). After the particle-hole transformation, the Hamiltonian in Eq. (1) can be
rewritten in Majorana representation as:
H = H0 +HI
=
∑
〈ij〉
− t
2
γTi σ
0τ tγj +
∑
〈〈ij〉〉
iλνij
2
γTi σ
zτ0γj −
∑
i
U
4
(iγ1i↑γ
2
i↑)(iγ
1
i↓γ
2
i↓) +
∑
〈ij〉
V
32
4∑
α
[iγTi Baγj ]
2 (S1)
where γTi ≡ (γ1i↑, γ2i↑, γ1i↓, γ2i↓), B1 = σzτz, B2 = iσ0τz, B3 = σ0τx, B4 = iσzτx. Upon Trotter decomposition and usual
Hubbard-Stratonovich transformations, the decoupled Hamiltonian at imaginary time τ can be written in Majorana
representation as:
hˆ =
∑
〈ij〉
− t∆τ
2
γTi σ
0τ tγj +
∑
〈〈ij〉〉
iλνij∆τ
2
γTi iσ
zτ0γj +
∑
i
λUϕiγ
T
i σ
0τyγi +
∑
〈ij〉,α
λV φ
α
ijγ
T
i Bαγj (S2)
where ∆τ is imaginary time slice of the Trotter decomposition, ϕi are imaginary-time dependent auxiliary fields on
site i and φαij are imaginary-time dependent auxiliary fields on bond 〈ij〉. The decoupled Hamiltonian in Eq. (S2)
possesses two anti-commuting Majorana-time-reversal symmetries: T− = iσyτxK and T+ = σxτxK. According to
the Majorana TRS principle for sign-problem-free QMC, it belongs to Majorana class and is then sign-problem-free.
II. Details of the projector Majorana QMC simulations
We use projector QMC in the Majorana representation to investigate the ground state properties of the 2D inter-
acting topological insulator described by the Hamiltonian in Eq. (1). In the projector QMC, the expectation value
of an observable O in the ground state can be evaluated as: 〈ψ0|O|ψ0〉〈ψ0|ψ0〉 = limΘ→∞
〈ψT |e−ΘHOe−ΘH |ψT 〉
〈ψT |e−2ΘH |ψT 〉 , where ψ0 is the
true ground state wave function and |ψT 〉 is a trial wave function which should have a finite overlap with the true
ground state wave function. Note that Θ is not the inverse temperature but the projection parameter. Although
Θ → ∞ is needed to reach the exact ground state, in numerically calculations a sufficient large Θ works for prac-
tical purposes of obtaining physical quantities with required accuracy. Because of the absence of sign-problem, we
can perform large-scale QMC simulations with large system sizes and sufficiently large Θ. In the study of the bulk
quantum phase transition, we use periodic boundary condition. In the study of edge quantum phase transition and
edge Luttinger parameters, we use the periodic boundary condition in the x direction but open boundary condition in
the y direction. In our QMC simulations, the imaginary-time projection parameter is Θ = 60/t for the systems with
torus boundary conditions. In the cases of cylinder boundary conditions, most systems are computed using Θ = 75/t
and some systems with large systems size or near critical points are computed using Θ = 100/t. We have checked
that all the results stay nearly the same when larger Θ are used, which ensures desired convergence to the limit of
Θ→∞. We set ∆τ = 0.05/t and the results do not change if we use smaller ∆τ .
III. Details of the RG-invariant quantity Redgec and single-particle gap
We use the RG-invariant ratio Redgec in terms of second-momentum correlation length of edge AF magnetic order
to identify the EQCP. The second-momentum correlation length of edge AF magnetic order is defined as
ξ =
Lx
2pi
√
S(~0)
S(δ~k)
− 1, (S3)
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FIG. S1. The QMC results of the edge QCP at V = 0.3: (a)RG-invariant quantity Redgec as the function of U . The crossing
point explicitly shows that the transition point is U ≈ 1.72t. (b) Single-particle gap in edge helical state as the function of U .
When hubbard interaction U is larger than Uedgec , single-particle gap is opened at edge.
where δ~k is the minimum lattice momentum internal for systems of size Lx. Here S(~k) is the structure factor of
magnetic order at edge: S(~k) = 1Lx
∑
r C(r)e
i~k·~r. The ratio Redgec is defined as R
edge
c =
ξ
L . At the putative EQCP,
Redgec is RG-invariant, such that it should cross at the same point for different system sizes. In the disordered phase,
the ratio Redgec =
ξ
L should decrease as the system size is increased. The trend is opposite in the ordered phase. Thus,
this RG-invariant ratio is a powerful tool to accurate identify the QCP. Here, we fix the strength of spin-flip Rashba
interaction V = 0.3t and vary U to study the EQCP. The RG-invariant ratio Redgec is evaluated by sign-free QMC.
The results (shown in Fig. S1) explicitly show that the EQCP occurs at U ≈ 1.72t.
When the TR symmetry is spontaneously broken at edge by form magnetic ordering, the helical edge state becomes
gapped. The single-particle gap can be obtained in QMC through measuring the tails of the imaginary-time displaced
Green’s function:
Gfk(τ) =
∑
σ=↑,↓
〈
c†kσ(τ)ckσ(0)
〉
, (S4)
where τ represents imaginary time, c†kσ(τ) = e
τHc†kσe
−τH , and k is the edge momentum. Here k is the momentum in
x direction and c†k =
1
Lx
∑Lx
x=1 c
†
(x,y=Ly)
eikx. The single-particle gap ∆sp corresponds to the single-particle excitation
energy at k = 0, which can be obtained from Gfk=0(τ) ∝ e−τ∆sp when τ is large enough. We evaluate the single-particle
gap as the function of U . The result clearly shows that when TR symmetry is spontaneously broken at U > U edgec ,
the single-particle gap in the helical edge states is opened.
IV. Numerical results of bulk AF quantum phase transition
When the Hubbard interaction U or spin-flip Rashba interaction V is strong enough, the spontaneous TR symmetry
breaking should also occurs in the bulk. We use similar techniques including the RG-invariant ratio and data collapse to
study the bulk quantum phase transition and analyze the quantum critical point. We fix V = 0.3t and vary the value of
U . Similar to the case of EQCP, we measure RG-invariant ratio Rbulkc of the bulk AF magnetic order to determine the
bulk quantum phase transition point. From the crossing point of Rbulkc in different systems sizes, we identify the bulk
phase transition point Ubulkc = 5.15t, which is much larger than the edge one U
edge
c = 1.72t. It clearly indicates that
the edge phase transition occurs when bulk is still disordered. We also employed the data collapse technique to study
the quantum critical behaviour of this bulk AF phase transition. The structure factor of bulk AF order M2 at different
values of U and for different systems should collapse to a single curve M2L
1+η = F (L1/ν(U −Ubulkc )). Consequently,
we verified that the bulk AF quantum phase transition belongs to the Ising universality in 2+1 dimensions with
1 + η = 1.01± 0.02 and ν = 0.63± 0.03.
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FIG. S2. The QMC simulations of the AF quantum phase transition in the bulk. (a) The RG-invariant ratio Rbulkc as a function
of U . The crossing point explicitly shows that the bulk phase transition point Ubulkc ≈ 5.15t. (b) From the data collapse of
magnetic structure factor in the bulk at different values of U and different systems size L, we obtain 1 + η = 1.01 ± 0.02 and
ν = 0.63± 0.03.
